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The first part of this paper deals with families of ordered k-tuples having a common
element in different position. A quite general theorem is given and special cases are con-
sidered. The second part deals with ¢ families of sets with some intersection properties,
and generalizes results by Bollobas, Frankl, Lovasz and Fiiredi to this case.

1. Introduction

Intersection theorems on families of sets have long been of interest in ex-
tremal combinatorics, ever since the celebrated theorem of Erdés, Ko and
Rado [6]. In the first part of this paper we show a quite general intersection
theorem, that deals with families of ordered k-tuples every two of which sat-
isfy a certain intersection property, and show a tight bound on the size of
such a family.

Another classical extremal intersection theorem, which is due to Béla
Bollobés, and was given several proofs and extensions, states the following;:
Let F and F’ be two families of sets, so that for every A; € F and Bj € F,
|A;| <k, |Bj| <1, and A;nB; =0 iff i =j. Then |F| < (*/!). P. Frankl [4]
extended this result and showed that it remains true under considerably
weaker terms. In the second part of this paper we turn to k families of
sets, where we formalize and prove an analog theorem to Bollobas theorem,
together with the analog to Frankl’s extension.
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2. Families of ordered sets
2.1. Ordered sets with common element in a different position

In this section, we show a general theorem regarding a family of ordered sets,
with the following property: Every two sets in this family share an element
whose position in one set is different from that in the other. We also give
some interesting examples for application of the theorem.

Let F be a family of ordered sets, each with k different elements. For
every two sets a, b, denote by a <b the fact that a appears before b in this
family. Note that the bound we get here does not depend on n — the size of
the universe.

Theorem 2.1. Let F be a family of k-element ordered sets over a universe
of n elements. For each index 1 <i<k (position in the set) let L; C[1..k]\{:}
be a list of indices. If for every two sets a <b there exist i and j € L; such
that a;=bj, then |F| <TT*_,(|L:| +1).

Proof. For each element in the universe associate a different integer from
[1..n]. Thus, each k-tuple a is associated with a k-tuple of integers {r¢}¥_;.
For each position 1 < j < k associate the unknown xz;. With each set
a € F we associate the following polynomial in k variables x1,xs,...,Zk:
Qa :H;ﬂ:l [Licr, (zt —7f). Qq vanishes by substituting its unknowns for the
numbers associated with any k-tuple b satisfying a < b, but not by substitut-
ing it for those of a. Thus, the polynomials {Q,} are linearly independent
over R. Since the power of each unknown x; varies from 0 to |L;|, the poly-
nomials {Q,} reside in a space of dimension Hf:1(|Li] +1).

Theorem 2.1 has the following nice implications:

Corollary 2.2. Let F be a family of k-elements ordered sets on a universe
of n elements such that for every two sets a < b there exists an element
a;=bj i<j (ie., these sets are intersected forward). Then |F|<kl!.

Proof. For every 1 <i<klet L; ={i+1,...,k} so that |L;| =k —i. By
the assumptions of the corollary, for every two sets a < b, there exist ¢ and
j € L; such that a; = bj. Thus, by Theorem 2.1, |F| < Hf:1(|Li| +1) =
[T, (k—i+1)=k

To see that this result is tight — take all permutations of k elements.

Another corollary of Theorem 2.1 regards the case where the intersection
between the sets is not restricted at all by the lists:
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Corollary 2.3. Let F be a family of k-elements ordered sets on a universe
of n elements, such that every two sets have a common element in a different
position. Then |F|<kF.

This is the best bound known, and a probabilistic proof for it can be
inferred from the work of Tuza [7]. If we take n, the size of our universe as a
parameter, then we can slightly tighten this bound. Recall that (n) is the
number of possibilities to choose an ordered k-tuple out of n elements.

Proposition 2.4. Let F be a family of k-elements ordered sets on a uni-
verse of n elements, such that every two sets have a common element in a

different position, and let t=n (mod k), 0<t<k. Then |F| < .,k

e g et

Proof. Take a random permutation of [1..n]. Associate with each ordered
set v € F an event A, being that every element in the set appears in the same
place in the permutation as it does in v (mod k). Let t=n (mod k). Then
the probability for the event A, is £ TR Tel CUeb LD L Ly
is easy to see that no two such events can co-occur in the same permutation,
thus there are at most p(}‘v) such events, that is, such k-tuples.

Note that if k& divides n, then (ZV('n)ZkJ’“‘t =kk. (Zi’“

Proposition 2.4 is tight for n =k + 1, giving the bound (kgl)! (see [1]),
but we do not know the tight bound for every n.

Our third corollary illustrates yet another way to apply Theorem 2.1:

Corollary 2.5. Let F be a family of k-elements ordered sets on a universe
of n elements, such that for every two sets satisfying a < b, there exists a
common element a; =b; so that 0 <|i—j| <1l (i.e, a “local” intersection).

Then |F| < (204 1)

Remark. Corollary 2.5 remains true if the distance |i—j| is taken cyclically,
i.e., the distance between two elements is the minimum between the two
possible ones.

2.2. Families of ordered sets every two of which disagree
We say that two ordered sets a,b disagree with each other, if there exist

i1 <tz and j1 <jg, such that a;; =b;, and a;, =0b;,. That is to say, there are
two elements that appear both in a and in b, but in a different order.
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Theorem 2.6. Let F be a family of k-elements ordered sets for which every
two sets disagree. Then |F| <kl

Proof. Assume all in all there are n elements. Pick a permutation of them
uniformly at random. Clearly the probability of every ordered set a to come
up in the “right” order is (k!)~'. But if @ comes out in the right order, no
other set does, due to the disagreement between them. Thus, all these events
are mutually disjoint, and therefore there can be at most k! of them.

2.3. Ordered set of sets and a generalization of the
skew /non-skew versions of Bollobas’ theorem

In this section, we generalize Theorem 2.6 and Corollary 2.2 in a way that
also generalizes Bollobas’ theorem [3] and its skew version.

Theorem 2.6a (Bollobas’ theorem for k families of sets). Let ly,l,
...,l be positive integers. Consider the following matrix of sets:

A Arg - Agg
A9 Agg -+ Ay

Aml Am? T Amk
If these sets satisty:
1. for every 1<j<k, 1<i<m, |A;;|<lj;
2. for every fixed i, all sets A;; are pairwise disjoint;

3. for each i<’ there exist some ji <j2 and j| <jj so that A;j, N Ay j #0
and Ai’jQ mAi’,ji #0;

then m < (ZH::’Ez ll:')'

The proof of this theorem is by a straightforward extension of the argu-
ment in the proof of Theorem 2.6, by considering the probability that all k
sets in a row of the matrix appear in the right order.

We now generalize a theorem by Lovész, in a way that will enable us to
derive a generalization of Corollary 2.2 to k-tuples of sets. The proof here is
a little bit more involved.

Theorem 2.7 (skew version of Bollobds’ theorem for k families of
subspaces). Let ly,ls,...,l; be positive integers. Let U be a linear space
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over a field F. Consider the following matrix of subspaces:

Ui Uiz -+ Uk
U1 Usg -+ Uy

Un1 Uz -+ Umk
If these subspaces satisfy:
1. for every 1<j <k, 1<i<m, dimU;; <l;;

2. for every fixed i, all subspaces U;; are pairwise disjoint;
3. for each i <1i' there exists some j <j' such that Uj; NUyj» #0;

k
then m < (ZH:,::l )t

!
pt !

Proof. Assume w.l.o.g. that dimU; ; is exactly [; for every 7,7, and that the
field F is infinite. Let t;=>"%_.1;, and let n=dimU. Obviously, n>S>5_, I;.
Construction. Let V = ViPVoPVsP---PVi_1 be a 25;11 t; dimen-
sional linear space over [F, decomposed into the direct sum of subspaces V;,
each of dimension ¢;. In addition, for every 1 <i<k—1, let T;:U —V; be a lin-
ear transformation with the following property: For every 1<o,q<k and i <
p,r <k, dim(T;(U,p)) =dim(U,p) and dim(UypNUy, ) =dim(T;(Uep ) T3 (Ugyr))-
Such a transformation exists by corollary 3.14 in [2]. Finally, for every row
i in the matrix, let vi:/\ﬁ;ll NT;(Usj), and let wi:/\g?;ll /\’;Zj+1 NT5(Usr).

Claim. For every i <i', v; Awy #0 iff i=14'. Proof of claim: Assume i # 1/,
that is, <. Then, by the theorem conditions, there exists j <7’ for which
Ui; MUy # 0. According to the way we chose the transformations, this is
true iff T, (Us;) NT4(Uyjr) #0 for every 1<q<j. Since v; Awjy contains both
T;j(Ui;) and T;(Uy ;) as factors, we get that v; Awy = 0. If however i =17/,
then v; Awy is the wedge product of only disjoint subspaces, thus v; Awy #0.

Using the claim above and the triangular criterion, we get that the vec-
tors v; are linearly independent in the space /\f;llVi, whose dimension is
k=1 sy _ (OF_ 1)
Hizl (ll) - Hﬁ:lllr!

Thus, m< (Z,g:l )t

!
r=1 ZT'

. Thus, there are at most this number of vectors v;.

It is now straightforward to obtain our second main result, and generalize
Corollary 2.2 to k-tuples of sets. This also generalizes a famous result by
P. Frankl [4].
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Theorem 2.8 (skew version of Bollobas’ theorem for k families of
sets). Let ly,ls,...,l; be positive integers. Consider the following matrix of

sets:
Ay Arg - Ay
Aoy Ao -+ Agy
Aml Am? T Amk
If these sets satisfy:
1. for every 1<j<k, 1<i<m, |A;;|<lj;
2. for every fixed i, all sets A;; are pairwise disjoint;
3. for each i <i' there exists some j <j' such that A;; N\ Ay #0;
(Zy—rln)!
then m < TN
Proof. Let X =/, ; Ai; be our universe of elements, and let [X|[=n. With
each element x, we associate one of the standard basis vectors e, of R, and

with each set A;; we associate the subspace sp{e.| x € A;;}. These subspaces
meet the criteria of Theorem 2.7, and the bound follows.

The bounds of Theorems 2.6a and 2.8 are tight, as can be seen from
partitioning a ground set of size Z?lej into sets of size [; in all possible
ways.

Note that these two bounds are the same, as is the case for two families
of sets. Although for two families of sets Frankl’s theorem implies Bollobas’
theorem, this is not the case here, so we formalized Bollobds’ theorem for &
sets independently.

To complete the picture, we will end by proving the threshold version of
Theorem 2.8. This generalizes a result by Fiiredi [5].

Lemma 2.9. Let l1,lo,...,l; be positive integers. Let U be a linear space
over a field F. Consider the following matrix of subspaces:

Ui Uiz -+ Uk
U1 Usg -+ Uy

Un1 Un2 -+ Uni
If these subspaces satisty:

1. for every 1<j<k, 1<i<m, dimU;; <l;;
2. for every i, j and j', dim(U;; NU;;) <t;
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3. for each i <i' there exists some j <j' such that dim(U;; NUy ;1) >t;
kL) —kt)!

then m < [(%’E:(lr)—t)!] .
Proof. By reduction to Theorem 2.8. Let Uy be a subspace of U, such that
dim(Up) = dim(U) — ¢ and in addition, for every i,7,p,q, Uy is in general
position with regard to U;; and to U;; NUp,. Under these conditions, it can
be easily seen that:

1. For every i <i', there exist some 1<j <j <k for which dim(U;; NUy ;N

Up) > 1.

2. For every i,5,5', j# 7', UijNU;jy NUy=0.

3. For every 1,7, dim(U;; NUp) =1; —t.
Thus, the conditions of Theorem 2.8 are met for the matrix U;; N Uy, and
(g 1) —kt]!

[Tty
The appropriate sets theorem would be this:

accordingly, m <

Theorem 2.10. Let lq,ls,...,l; be positive integers. Consider the following
matrix of sets:

A A - Agg
A9 Agg -+ Ay

Aml Am? T Amk

If these sets satisfy:
1. for every 1<j<k, 1<i<m, dimU;; <l;
2. for every i, j and j', |A;jNA;j| <t;
3. for each i <i' there exists some j<j' such that |A;; N Ayjr|>t;

L) —kt]!
then m < K%’E:(lr)—t)!} .
Proof. We derive the theorem from Lemma 2.9 in the very same way Theo-
rem 2.8 was derived from Theorem 2.7. Namely, if X = Ui, ;Aij is our universe
of elements, and | X |=mn, associate with each element z one of the standard
basis vectors e, of R", and with each set A;; the subspace span{e,|z e A4;;}.
These subspaces meet the criteria of Theorem 2.9, and the bound follows.

Proposition 2.10 is tight as well, as can be seen by taking the ground set
to be of size t—i—Z?zl(lj —t), setting a constant set B of size t to be a subset
of every A;;, and then partition the remaining Z?Zl(lj —t) elements in all
possible ways to complete A;; to size l; for every 1<j<k.
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